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1 Introduction 



Game theory is a useful tool which helps us understand economic, social, political, and bio- 
logical phenomena. Stochastic differential game problems also attract more and more research 
attentions, and are used widely in other social and behavioral sciences. When we study stochas- 
tic differential games of backward doubly stochastic differential equations (BDSDEs, for short), 
doubly stochastic Hamiltonian systems with boundary conditions appear naturally whose dy- 
namics are described by initial coupled forward-backward doubly stochastic differential equations 
(FBDSDEs, for short). To illustrate this, we introduce an example of linear quadratic (LQ, for 
short) nonzero-sum differential games of BDSDEs with partial information which motivates us 
to initiate a study of stochastic differential games of initial coupled FBDSDEs with partial 
information. We now explain this in more detail. 

Let T be a fixed constant and (fl, P^j be a complete filtered probability space, on which 
two mutually independent standard Brownian motions B(-) <G R l and W(-) € R d are defined. 
Let M denote the class of P-null sets of F. For each t £ [0, T], we define 

where = J\f\/a{W(r) - W(0) : < r < t} and Tf T = N V a{B{r) - B{t) :t<r<T}. Note 
that the set Tt,t € [0, T] is neither increasing nor decreasing, so it does not constitute a filtration. 
We denote by £y(Q;S) all class of J^-measurable random variables {£ : 12 — > S} satisfying 
E\£\ p < oo, by CF-p t (0, T; S) all class of J^-adapted stochastic processes {x(t) : [0, T] x Q — > S} 
satisfying E[ Jq \x(t)\ p dt] < +oo. If there is no risk of confusion, we write £F T = £^($7; 5), 
Cjr t = £j- t (0,T;<S). The processes v\(t) = vi(t,u) and V2(t) = V2(t,u>) are our open-loop control 
processes. Let Ui be a nonempty convex subset of R ki ( i = 1,2). In many cases in which the 
full information Tt is inaccessible for players, ones can only observe a partial information. For 
this, we denote the set of all open-loop admissible controls for the player i by 

Ui = jfj(-) : [0, T] x $7 — > Ui\vi{-) is ^-adapted and satisfies E J \vi(t)\ 2 dt < ooj, 

where i = 1, 2, £ t is an available sub-information of full information Tt for players, i.e. 

£t Q Ft, for all t. 
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For example, £j could be the <5-delayed information defined by 



where 5 is a given positive constant delay. Each element of IA{ is called an admissible control for 
Player % on [0, T] (i = 1,2). U\ x IA2 is called the set of open-loop admissible controls for the 
players. 

We consider the following 1-dimensional linear BDSDE 

-dY(t) =[Aiy(t) + SiZ(t) + Civi(t) + Di«2(t)]dt 

+ [A 2 y(t) + B 2 Z(t) + C 2 v 1 (t) + D 2 v 2 (t)]dB(i) - Z(t)dW(t), (i) 

yen =£, 

and the performance criterion, for i = 1, 2, 



1 



+ {F a Z(t),Z(t)) + (F iiVl (t), Vl (t)) + (F i5 ^ 2 (t), U2 (t)) 



where the integral with respect to dB(t) is a "backward ltd integral" and the integral with 
respect to dW(t) is a standard forward ltd integral. These are two types of particular cases 
of the Ito-Skorohod integral (see Nualart and Pardoux|13j). The extra noise {B(t)} can be 
considered some extra information that can not be detected in practice, such as in a derivative 
security market, but is valuable to the partial investors. 

If we let A2, B 2 , C 2 , D 2 = 0, then equation ([1]) is reduced to a general backward stochastic 
differential equation (BSDE, for short) of Pardoux- Peng's type (see Pardoux and Peng|16j). 
For simplicity, we assume temporarily that £ £ /^-.(r^R 1 ), all coefficients in ([1]) and ([2]) are 
1-dimensional, I = d= 1, Fji,F i2 ,F i3 > 0, F i4 ,F i5 > 0. 

Our aim is to seek an equilibrium point (ui(-), « 2 (-)) G U\ xi/2, for all (^i(-), «2( - )) e ^1 x ^2, 
such that 

J(«i(-),«2(-)) > </M-W(-)), 

J(«l(0,«2(0)>^(«l(-)»«2(-))- 

We call it an LQ nonzero-sum differential game of BDSDE and denote it by Problem (LQNZB). 



Applying Theorem 4.1 in Han et al.[I], we conclude that the equilibrium point must satisfy 
the following form: 

' = -E[F^(C m (t) + C 2 z l (t)) \£t] , 

_ u 2 (t) = E [F 2 f (£>! y 2 {t) + D 2 z 2 (t)) \ S t ] , 
where (yi,Zi) (i = 1, 2) is the solution of the following initial coupled FBDSDE: 

AiY(t) + 5iZ(t) - CiFii^dyitt) + C 2 2i(t)) 



(3) 



-dF(t) 



D 1 F 25 1 (Z) 1 y 2 (t) + £> 2 z 2 (t)) 



dt 



+ 



(4) 



A 2 Y(t) + B 2 Z{t) - C 2 Fu L (C m {t) + C 2 z x {t)) 
- D 2 F 2b l {D iy2 (t) + D 2 z 2 (t))dB(t) - Z(t)dW(t), 
d yi (t) ={A m {t) + A 2Zi (t) + F l2 Y(t))dt + {B m {t) + B 2Zi (t) + F i3 Z(t))dW(t) 

- Zl (t)dB(t), 
Y(T) =£, w (0) = F a y(0). 
We see that the equation for Y(-) is backward (since it is given the final datum which is an 
.F^-measurable random variable), the equation for yt{-) is forward (since it is given the initial 
datum which is directly related with the backward solution Y(-) at initial time). Further, the 
backward equation is "forward" with respect to the backward stochastic integral dB(t), as well as 
"backward" with respect to the forward stochastic integral dW(t); the coupled forward equation 
is "backward" with respect to the backward stochastic integral dB(t), as well as "forward" 
with respect to the forward stochastic integral dW(t). Equation (jl]) is exactly the type of time- 
symmetric forward-backward stochastic differential equations (FBSDEs, for short) introduced 
by Peng and Shi[19j. There is a small difference between equation (j4]) and FBSDE in Peng and 
ShipjJ]: the former is initial coupled, but the latter is terminal coupled. So we call equation 
an initial coupled linear FBDSDE. In addition, the candidate equilibrium point denoted by 
((3|) involves the available sub-information Et of full information Tt for players. Thus, a type of 
initial coupled FBDSDE naturally appears when we study Problem (LQNZB). Since this type 
of FBDSDEs possess fine dynamics and can be reduced to FBSDEs or BDSDEs or BSDEs, one 
could not help thinking about differential game problems for initial coupled FBDSDEs under 
partial information. 



Pardoux|15] generalized the classical Feynman-Kac formula and provided a probabilistic 
representation for solutions of linear parabolic stochastic partial differential equations (SPDEs, 
for short). By introducing originally BDSDEs, which is a new class of BSDEs and covers the 
results of Pardoux and Peng[16j, Pardoux and Peng[17j produced a probabilistic representation 
of certain quasi-linear SPDEs as an extension to the Feynman-Kac formula for linear SPDEs. 
In general, that a forward SDE of Ito's type couples a backward SDE of Pardoux-Peng's type, 
which maybe couple each other at initial conditions or terminal conditions, constitutes an initial 
or terminal coupled FBSDE. The theory of FBSDEs has received considerable research attention 
in recent years. For more information on the solvability of FBSDEs and corresponding optimal 
control problems with full or partial information, see e.g. Antonelli[lJ, Hu and Peng[5j, Ma, 
Protter and Yong[9], MengpTT], 0ksendal and SulempH], Peng and Shi[18], Peng and Wu[20], 
Shi and Wu[Hl [22], Wang and Wu[Z3 [M], Wu[271 [28], specially the monographs by Ma and 
Yong[T0] and Yong and Zhou[32j, etc. 

There is a few literature on differential games of BSDEs and FBSDEs. Yu and Ji[33] ob- 
tained an existence and uniqueness result for an initial coupled FBSDE under some monotone 
conditions, applied it to backward linear-quadratic nonzero-sum stochastic differential game 
problem and got the explicit form of a Nash equilibrium point. Wang and Yuf25] established a 
necessary and a sufficient conditions for an equilibrium point of nonzero-sum differential game 
of BSDEs and applied them to study a financial problem. Zhang[35] extended the result of Yu 
and Ji[34] to the case where BSDEs are driven by both Brownian motion and Poisson random 
measure. Wang and Yu[26] recently generalize the results of |25] to partial information differen- 
tial games and obtain the corresponding maximum principle and verification theorem, and they 
also apply the theoretical results to study LQ differential games and financial problem. Yu[33j 
mainly studied the LQ optimal control and nonzero-sum differential game of FBSDE. Hui and 
Xiao[7] investigated differential games of FBSDEs, and established the maximum principle and 
verification theorem for both an equilibrium point of nonzero-sum cases and a saddle point of 
zero-sum cases. Meng[12j discussed the partial information zero-sum differential games of fully 
coupled FBSDEs. 

Han et al.[3] investigated the optimal control for BDSDEs and obtain a stochastic maximum 
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principle of the optimal control. In |19j . Peng and Shi established the existence and uniqueness 
results of terminal coupled FBDSDEs under certain monotonicity assumptions. Zhu et al.|37j 
relaxed the monotonicity assumptions and allowed the case of different dimensions between 
forward equations and backward equations, compared with the results in Peng and Shi|19j. 
Zhang and Shi[36j studied the optimal control of fully terminal-coupled FBDSDEs and obtained 
the maximum principle in the global form, where the control variables can enter into the diffusion 
coefficients and the control domain need not be convex. Using the solution of FBDSDEs, Zhang 
and Shi also got the explicit form of open-loop Nash equilibrium point for nonzero-sum stochastic 
differential games of only forward doubly stochastic differential equations. 

However, none of the works mentioned above deals with differential games of initial coupled 
FBDSDEs with full information or partial information. In Section 2, we formulate the zero-sum 
and nonzero-sum games of initial-coupled FBDSDEs with partial information. In Section 3, we 
are devoted to proving a maximum principle and a verification theorem for both an equilibrium 
point of nonzero-sum games and a saddle point of zero-sum games. In Section 4, an example of 
a nonzero-sum differential game is worked out to illustrate theoretical applications. In terms of 
maximum principle and verification theorem, the explicit expression of an equilibrium point is 
obtained. Finally, we give some concluding remarks. 

2 Formulation of the problem 

We introduce the mappings 



/: 


: [0, T] x R n 


x R nx ' x R m x R mxd 


x Ui 


x U 2 -> R n , 


/: 


: [0, T] x R n 


x R nx ' x R m x R mxd 


x Ui 


x U 2 ->• R nxd 


9 ■ 


[0,T] x R m 


x R mxd xUtxU 2 ^ 


R m , 




9 ■ 


[0, T] x R m 


x R mxd xUixU 2 ^> 




</>■■ 


: R m -> R n , 


(p, tfi : R m ->■ R 1 , 


7' 


, 7i : R n — )► R 1 



l,k : [0,T] x R n x R nxl x R m x R mxd x U x x U 2 -> R 1 (i = 1,2). 
Assumption (HI): For any (y,z,Y,Z,vi,v 2 ) G R n x R nx ' x R m x R mxd x V\ x U 2 , we assume 
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that 

f(-,y, z, Y, Z, vi , v 2 ) G £% (0, T; K n ), f(-,y, z, Y, Z, v x , v 2 ) G C% (0, T; TZ nxd ), 
g(;Y,Z,v 1 ,v 2 )eC%(0,T;n m ), g(; Y, Z, v u v 2 ) G £%(0, T; U mxl ). 

We assume moreover that /, /, g and g are continuously differentiable with respect to (y, z, Y, Z, 
vi,v 2 ) and their derivatives with respect to (y,z,Y,Z,vi,v 2 ) are continuous and uniformly 
bounded. 1, 1%, l 2 , (p, ipi, ip 2 ,~f, 71 and 72 are continuously differential with respect to (y, z, Y, Z, vi, 
v 2 ) and their derivatives with respect to (y, z,Y, Z,vi,v 2 ) are continuous and bounded by 
K(l + \y\ + \z\ + \Y\ + \Z\ + \v\ \ + \v 2 \). There exists constants k > and < c < 1 such 
that 

\f(t,y 1 ,z 1 ,Y 1 ,Z 1 ,u 1 ,u 2 ) - f{t,y 2 ,z 2 ,Y 2 ,Z 2 ,vi,v 2 )\ 2 
<H\yi ~ 2/2 1 2 + \Yi - Y 2 \ 2 + \Z X - Z 2 \ 2 + \ui - Vl \ 2 + \u 2 - v 2 \ 2 ) + c\zi - z 2 \ 2 , 

\g(t,Y 1 ,Zi,ui,u 2 ) - g(t,Y 2 ,Z 2 ,v 1 ,v 2 )\ 2 
<k{\Yt -Y 2 \ 2 + \m - Vl \ 2 + \u 2 - v 2 \ 2 ) + c\Z x - Z 2 \ 2 ), 

for all (yuZuY^Z^m,^), (y 2 , z 2 , Y 2 , Z 2 , v u v 2 ) G R n x R nxl x R m x K mxd xU x x U 2 . 

In the following, we specify the problems of nonzero-sum and zero-sum differential games of 
forward-backward doubly stochastic systems, respectively. For simplicity, we denote them by 
Problem (NZSG) and Problem (ZSG), respectively. 

Consider an FBDSDE 

' -dY^(t) = g(t,Y^(t),Z^(t), Vl (t),v 2 (t))dt 

+ ^(t,Y* 1 «(t),Z^^(t),i; 1 (t),^(t))dB(t)-Z Wl «(t)dW(t), 
dy v ^ V2 (t) = f(t,y v ^(t),z v ^(t),Y^(t),Z^(t), Vl (t),v 2 (t))dt 

(5) 

+ f(t,y^(t),z^^(t),Y^(t),Z^(t),v 1 (t),v 2 (t))dW(t) 
- z Vl ' V2 (t)dB(t), 
yta.«a(T) = f, y VuV2 (0) = <f)(Y Vl ' V2 (0)), < t < T. 

Under the assumption (HI), there exists a unique solution (y Vl ' v ' 2 (-), z v ^ {■) ,Y Vl ' V2 (•), Z V ^ V2 (•)) G 
C% t (0, T; R n ) xC% (0, T; K nxl ) xC% (0, T; R m ) xC% (0, T; R mxd ) to equation © for any (vi(-), v 2 (-)) 
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G IA\ x IA 2 (see Pardoux and Peng[17j). In the case where equation ([5]) does not involve the term 
of backward Ito's integral, i.e. g = 0, / and / are independent of z Vl ' V2 , the game systems will 
be reduced to the initial coupled FBSDEs which has been studied by Xiao and Wang[30j. In 
the case where equation ([5]) does not involve the forward equation, i.e. / = / = <f> = 0, the 
game systems will be reduced to the BDSDEs which has been investigated by Han et al.jl]. In 
the case where equation (0) does not involve both the term of backward Ito's integral and the 
forward equation, the game systems will be reduced to the BSDEs which has been investigated 
by Wang and Yu[25l [26] and Yu and Ji[ 
Consider a performance criterion 



Ji(v 1 (-),v 2 (-))=E / l l {t,y^(t),z^(t),Y^(t),Z^(t),v 1 (t),v 2 (t))dt 
Jo 

+ ^(Y^(0))] + 7i (y^(T)) (6) 

with l l (;y^^(-),z^^(-),Y^(-),Z^^(-) : v 1 (-),v 2 (-)) G £^(0,T;R) and ^ G O (0,T;R) 
for any (fi(-), v 2 (-)) G U\ x U 2 (i = 1,2), and 

J(v 1 (-),v 2 (-))=E\ [ T l{t,y^(t),z^(t),Y^(t),Z^(t),v 1 (t),v 2 (t))dt 
Jo 

+ <p(y^ v 2 (T))] +7 (Y^( )) (7) 

with l{-,y v ^(-),Y v ^ V2 {-),Z v ^{-), Vl {-),v 2 {-)) G £^(0,T;R) and <p G C 1 (0,T;R) for any 
(vi(-),v 2 (-)) G U\ x U 2 . We note that ([6]) and © are well posed. There are two players i\ and 
i 2 . Player i\ controls v\ and Player i 2 controls v 2 . 

Problem (NZSG): Find («i(-), u 2 (-)) eWixW 2 such that 

Jl(«l(-),«2(0) > ^l(«l(0.«2(0). 

(8) 

J 2 («i(0^ 2 (0)>^(«i(-)^2(-)), 

for all (fi(-)j ^2(0) G x ^2- We call U2(-)) an open-loop equilibrium point of Problem 

(NZSG) (if it does exist). It is easy to see that the existence of an open- loop equilibrium point 
implies 

Jl(ui(-),U 2 (-)) = SUP Jl(vx('),U2(')), 

J 2 (ui(-),u 2 (-)) = sup J 2 (ui(-),v 2 (-)). 

v 2 (-)€U 2 



Problem (ZSG): Find (u 1 (-),u 2 (-)) £U 1 xU 2 such that 

J(ui(.),«2(-)) < J(ni(-),« 2 (-)) < J(vi(-),u 2 (-)), (9) 

for all (vi(-),v 2 (-)) EUi xU 2 . We call (u\(-), u 2 (-)) an open- loop saddle point of Problem (ZSG) 
(if it exists). In fact the existence of an open-loop saddle point implies 



J(u 1 (-),u 2 (-)) = sup ( inf J(vi(-),«2(-))) 



= inf ( sup J(vi(-),v 2 { 
«i(-)eWi v t, 2 (-)ew 2 

We shall verify this point in Theorem 3.5 (hi). 

3 Differential games of FBDSDEs 
3.1 Nonzero-sum case 

Suppose (ui(-),u 2 (-)) is an equilibrium point of Problem (NZSG) with the trajectory (y(-), 
z(-),Y(-),Z(-)) of ©. For all t G [0,T], let ^(t) G t/i be such that iti(-) +«»(•) G Z4 (i = 1,2). 
Notice that i/j is convex, then for < e, p < 1, i = 1,2, 

u u (t) = ui(t) + evi(t) G Ui, u 2p (t) = u 2 {t) + pv 2 (t) eU 2 , < t < T. 

For simplicity, we denote 

f(t) = f(t,y(t),z(t),Y(t),Z(t), Ul (t), U2 (t)), 
g{t) = g(t,Y{t),Z{t), Ul {t),u 2 (t)), 
Y Ult (t) = Y^ Ul+eVl,U2 \t) Y U2p (t) = Y^ Ul ' U2+pV2 \t) 
hi(e,p) = Ji(m + evi,u 2 + pv 2 ), 



define the processes 



Y\t) = ^ Y u ^(t)\ e=0 , Y 2 (t) = ^ Y^(t)\ p=0 , 
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and make the similar notations for / , g,li,y l , z % , Z % ,i = 1,2. For i = 1,2, we have the following 
variational equations: 

-dY^t) =g l {t)dt + g\t)dB(t) - ^(i)dW(i), 
dy\t) =f(t)dt + f(t)dW(t) - z\t)dB(t), 
Y\T) =0, y l (0) = </> y (Y(0))no) 

V 

where 

cf(t) =g Y (t)Y i (t)+g z {t)Z i (t) + g Vx (t)v i {t), 

fit) =f y (tW(t) + f z (t)z\t) + f Y (t)Y\t) + fz(t)Z\t) + f Vi (t)Vi(t), 
Pit) =f y (t)y\t) + f z (t)z\t) + f Y (t)Y\t) + fz{t)Z\t) + f Vi (t)vi(t), 
f{t) =k y {t)y l {t) + l i2 {t)^{t) + kY{t)Y\t) + kz{t)fr{t) + U (*)«••(*)■ 



Next, we define the generalized Hamiltonian function Hi : [0,T] x R n x R nxl x R m x R mxd x 
Ui x U 2 x R n x R nxl x R m x R mxd as follows: 

H i (t,y,z,Y,Z,v 1 ,v 2 ,Pi,pi,qi,qi) = (qu f(y, z,Y, Z,v 1 ,v 2 )) + (ft, f(y, z,Y, Z,vi,v 2 )) 

- (Pi,g{Y,Z,vi,v 2 )} - (pi,g(Y, Z,vi,v 2 )) +li(y,z,Y,Z,V!,v 2 ). (10) 

Let (u\,u 2 ) G U\ x U 2 with the solution (y(-),z(-),Y(-), Z(-)^ of equation ([5]). We shall use the 
abbreviated notation Hi(t) defined by 

Hi(t) = Hi(t, y(t), z(t), Y (t), Z(t), ui(t), u 2 (t),p i (t),p i (t), q t {t), ft(i)) . 

The adjoint equations are described by the following generalized stochastic Hamiltonian systems: 

dpiit) = - H* Y (t)dt - H* z (t)dW(t) - Pi{t)dB(t), 
-dqAt) = HUt)dt + H*Jt)dB(t) - qAt)dW(t), 

(11) 

Pi (o) = -^(y(o))-^(y(o))g i (o) ) 

, ft(T)= 7 *,(y(T)). 
Then we have the following maximum principle for nonzero-sum differential games. 
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Theorem 3.1 (Maximum principle for nonzero-sum games) Let (HI) hold and yui(-), 
U2(-)J be an equilibrium point of Problem (NZSG) with the corresponding solutions (x(-),y(-), 
z(-)\ and \Pi(-),qi(-),ki(-)) of (J5j) and (fTTj) , Then it follows that 



(E[Ht n (t)\£t]Mt)-ui(t))<0 ( 12 ) 

and 

(E[H* 2v2 (t)\£ t ],v 2 (t)-u 2 (t))<0 (13) 
are true for any (vi(-)j ^2(0) xU2,a.e. a.s. 
Proof: Since («i(-)> ^2(0) is an equilibrium point, we have 

——(0, = lim < 0. 



Then 



0>jUiM)| e=0 

(li y (t)y\t) + luityz 1 ^) + h Y (t)Y\t) + hzi^Z 1 ^) + h Vl {t)vi(t))dt 



+ E( nY (Y (0)) y 1 (0) + 71, {y{T))y l (T) J . (14) 
Applying Ito's formula to {pi(t), Y (t)) and {qi(t), y 1 (t)), and integrating from to T, we have 
E^iytnO))^)' 



S(p 1 (0) + ^(F(0))g 1 (0) ) F 1 (0)) = -(^(T(0)) ei (0) ) y 1 (0)) 







- £ / (pJ^iOlC*) + (ZlWM*)*' (*) + ^M*)^) - M*)^(*) 

+ Pl(t)9v 1 (t)v 1 (t) + ql(t)f z {t)Z\t) + ql{t)f z {t)Z\t) - hz{t)Z l (t))dt, (15) 



and 



E^yiviT^iT)) = (^(Ymni^YHO)) 







+ E I [qt{t)f Y {t)Y\t) + q*(t)fz(t)Z\t) + ql{t)f vi {t)v x {t) - h y (t)y\t) 

lu(t)2\t) + q* 1 (t)f Y (t)Y 1 (t) +q* 1 (t)f z (t)Z 1 (t) + q* 1 (t)f vi (t)v 1 (t))dt. (16) 
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Substituting (fT5|) and (fT6|) into (fTl|) . for all ui G U\ such that ui(-) + v\{-) EU\, we get 
0>^/ii(e,0)| e=0 

=^^ T (^ 1 (t),« 1 (t))^ = ^^ T i?[(^ i (t), Ul (t))|£: i ] dt, (17) 

which implies that (1121) is true. The result ()13f) can be proved by the same method as shown in 
proving (TL2j) . □ 
If the control process (wiQj^G)) i s admissible adapted to the filtration J^, we have the 
following corollary. 

Corollary 3.1 (Maximum principle for full information nonzero-sum games) Suppose 
that £t = J~t for all t. Let (HI) hold and fiti(-), U2{-)\ be an equilibrium point of nonzero-sum 
differential games with the corresponding solutions (x(-),y(-), z(-)\ and \Pi(-) , , of 
([5|) and (jlip . T/ien it follows that 

and 

(tf 2 *„ 2 (t), U2 (t)-« 2 (i)) <0 
are true for any (i>i(-)> ^2 0) & U% x^2,o.e. a.s. 

In what follows, we proceed to establish a verification theorem, also called a sufficient con- 
dition, for an equilibrium point. For this, we introduce an additional condition as follows: 
(H2) (j)(Y) = MY where M is a non-zero constant matrix with order n x m. ipi and ji are 
concave in Y and y (i = 1,2), respectively. 

Theorem 3.2 (Verification theorem for nonzero-sum games) Let (HI) and (H2) hold. 
Let (iti(-), M2(")) € Wi x ^2 6e uni/i the corresponding solutions (y,z,Y,Z) and (pi,pi,qi,q~i) of 
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equations © and (fTTj) . Suppose 



H 1 (t,a,b,c,d) = sup Hi(t,a,b,c,d,v 1 ,u 2 {t),pi(t),p 1 (t),qi(t),q 1 (t)), 

diG!7i 

H 2 (t,a,b,c,d) = sup H 2 (t,a,b,c,d,ui(t),v 2 ,p 2 (t),p 2 (t),q 2 (t),q 2 (t)) 
V2&J2 

exist for all (t,a,b,c,d) € [0, T] x R n x R nx ' x R m x R mxd , and are 
concave in (a,b,c,d) for all i€ [0,T] fi/te Arrow condition). 



(18) 



Moreover 



E 



E 



#1 (t, y(t), z(i), Y(t), Z(t),u 1 (t),U2(t),p 1 (t),p 1 (t),q 1 (t),q 1 (t)) \S t 
Hx (t, y(t) ,z(t), Y(t) ,Z(t), Vl , u 2 (t) , Pl (t) , q x (i) , q\ it)) \ £ t 

H 2 (t, y(t), z(t), Y{t), Z(t),u x {t),u 2 (t),p 2 {t),p 2 {t),q 2 (t),q 2 (t)) \S t 



sup E 

vi e Ui 



sup E 

V2& U2 



H 2 (t, y{t),z(t), Y(t), Z(t), Ul (t),v 2 ,p 2 (t),p 2 (t), q 2 (t), q 2 (t)) \£ t 
Then (ui(-),u 2 (-)) is an equilibrium point of Problem (NZSG). 



(19) 



(20) 



Proof : Let (ui(-)> U2{ )) and {u\(-),v 2 {-)) € U\ x U2 with the corresponding solutions (y Vl , z Vl . 
Y Vl ,Z Vl ) and (y V2 , z V2 ,Y V2 , Z V2 ) to equation ©. We define the following terms 

Hxit) = Hi(t, y(t), z{t),Y{t), Z(t),u 1 {t),U2{t),p 1 (t),p 1 {t),q 1 {t),q 1 {t)), 
Hl^t) = H 1 (t,y^(t),z^(t),Y^(t),Z^(t),v 1 (t),u 2 (t),p 1 (t),p 1 
H v 1 2 (t)=H 1 (t,y V2 (t),z V2 (t),Y V2 (t),Z V2 (t),u 1 (t),v 2 (t),p 1 (t),p 1 (t),q 1 (t),^ 
r (t) = f(t, (t), z* (t), (t), (t), Vl (t), u 2 (t)), 

and similar notations are made for f Vl , f V2 . 

By virtue of the concavity property of ip\ and 71, we have for V fi(-) G U\ 



Ji(vi(-),u 2 (-)) - Ji(«i(-),«2(-)) < h + h + h 



(21) 
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with 



h=E[ lly (y(T))(y^(T)-y(T))} 



I 2 = E[<p 1Y (Y(0))(Y*(0)-Y(0))], 

h = E f 
Jo 

Applying Ito's formula to {qi(t), y Vl (t) - y(t)) and (pi(i), Y V1 (t) - Y(t)), 

I 1 =E[(q 1 (0),M(Y*(0)-Y(0)))] 

+ E jf (( qi (t),r(t) - f(t)) - (H* ly (t),y^(t)-y(t)) 

+ (qi(t)J Vl (t) ~ f(f)) ~ (H*iMz Vl (t) ~ m)dt, (22) 
h= - E[( qi (0),M(Y^(0) - Y(0)))\ 

-E jT (( Pl (t),g v Ht)-9(t)) + <23?y(i),r*(t) - Y(t)) 

+ fe(t),f (t) - g(t)) + (H* lz (t),Z Vl (t) ~ Z(t)))dt, (23) 
h = e£ (V(i) - F x (t) - (qi(t),n(t) ~ /(*)> - (qi(t)J Vl (t) ~ fit)) 

+ <j>i(t),g v Ht) -g(t)) + (PiW.^W -</(*)>)*• (24) 
Substituting pZ ]) — into (|2Tj) . it follows immediately that 



JiM-W(-))-</iM-W(-)) 



< e^ T (V(t) - ffi(t) - <flj y (t),r*(t) - K(t)> - <flj z (t),^(t) - z(t)> 

- (Ht y (t),y^(t) - y(t)) - (H* lz (t),z^(t) - z(t)))dt. (25) 



Since t> i 



E 



H x (t, y(t), z(t), Y(t), Z(t), v 1 ,u 2 (t), Pl (t),q 1 (t),q 1 (t)) \S t 



is maximum for v\ 



u\ and since vi(t),u\(t) are ^-measurable, we get 



E 
=E 
<0. 



Ul=Ul 



(«l(t)-«l(t)) 
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By the equality (fT9|) and the concavity of H\, we conclude that 

Ji(M-)M-))-MM')M'))<o, ( 26 ) 

for all vi(-) G Ui. Repeating the similar proceeding as shown in deriving (|26p . we can prove that 

J2(u 1 (-)M-)) - MM-),M-)) <o. (27) 

Based on the arguments above, (iti(-)> u 2(')) is an equilibrium point of Problem (NZSG). □ 

Corollary 3.2 (Verification theorem for full information nonzero-sum games) Suppose 
that St = Ft for all t and that (HI), (H2) and (fT8|) hold. Let (ui(-), M2O)) € x £Y 2 &e u>i£/i the 
corresponding solutions (y,z,Y,Z) and (pi,Pi,qi,q~i) of equations (JSJ and Moreover 

ffi(t, ?/(t),2;(t),y(t),Z(t),«i(t),« 2 (t),pi(t),pi(t), ft (t),?i(t)) 

= sup ffi^y^),^),^^),^),^,^^)^!^),^^),^^)) 
me C/i 

= sup H a (*,y(t),«(t),l r (*)i^(*)i«i(*)i«2iP2(t),P2(t),«2(t), 
T/ien (ui(-), -u 2 (-)) is an equilibrium point of nonzero- sum differential games. 

3.2 Zero-sum case 

In this section, we consider zero-sum differential games of FBDSDEs. In fact, zero-sum games 
can be consider a special case of nonzero-sum games. By the maximum principle of nonzero- 
sum games in Section 3.1, we can deduce the necessary conditions for a saddle point of zero-sum 
games. We shall detail this as follows. 
Let 

-J x = J 2 = J. 

If (tti(-), U2(-)) is an equilibrium point of Problem (NZSG), we have 

J 1 (ui(-),n 2 (-)) > J 1 (v 1 (-),u 2 (-)), 

< 

v 
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which implies that 

J(u 1 (-),v 2 (-)) < J( Ul (-),u 2 (-)) < J( Vl (-),u 2 (-)). 

Therefore, (ui(-), «2( - )) is a ^ so a saddle point of Problem (ZSG). 

We define a new Hamiltonian function H : [0,T] x R n x R nxZ x R m x R mxd x Ui x U2 x 

R n x R nxi x R m x R raxd &g follows: 

H(t,y,z,Y,Z,v 1 ,v 2 ,p,p,q,q) = (q, f(y, z,Y, Z,v 1 ,v 2 )} + (q,f(y,z, Y,Z,v x ,v 2 )) 

- {p,g(Y,Z,Vi,V2)) - {p,g{Y,Z,vi,v 2 )) + l(y,z,Y,Z,vi,v 2 ). (28) 

Let (ui,u 2 ) G U\ x U 2 with the solution (y(-), z(-),Y(-), Z(-)) of equation (0). We shall use the 
abbreviated notation H(t) defined by 

H(t) = H(t, y(t), z(t), Y(t), Z(t), ui(t), u 2 (t),p(t),p(t),q(t), q(t)). 

The adjoint equations are described by the following generalized stochastic Hamiltonian systems: 

dp(t) = - Hp(t)dt - H* z (t)dW{t) - p{t)dB(t), 
-dq(t) = H*Jt)dt + H*(t)dB(t) - q(t)dW{t), 

(29) 

p(0)=-^(y(0))-^(Y(0))g(0), 
k q(T)= 7 * y (y(T)). 

Based on the above arguments, we can directly derive the following maximum principle for 
zero-sum games. 

Theorem 3.3 (Maximum principle for zero-sum games) Let (HI) hold and (ui(-),u 2 (-)) 
be a saddle point of Problem (ZSG) with the solutions (y(-), z(-), Y(-), Z(-)j and (p{-),p(-),q{-), 
<7(')) t° © an d (|29p . respectively. Then it follows that 

(E[H^(t)\et]Mt)-»i(t))>o ( 3 °) 

and 

(E[H* V2 (t)\£ t ],v 2 (t)-u 2 (t)) <0 (31) 
are true for any (vi(-),v 2 (-)) € Z/l xU 2 ,a.e. a.s. 
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Remark 3.1 // ( Ul (-),u 2 (-)) is an equilibrium point (resp. a saddle point) of nonzero-sum 
(resp. zero-sum) differential games and (u\(t),u 2 (t)) is an interior point of U\ x U% a.s. for 
all t G [0, T], then the inequalities in Theorem 3.1 (resp. Theorem 3.3) are equivalent to the 
following equations 

E[Ht v .{t)\S t ] = 0,i = 1,2 (resp. E[H*.(t)\£ t \ = 0, j = 1,2). 

We note that Theorem 13.31 gives a globally necessary condition for a saddle point of zero- 
sum games. In the following, we begin to present a corresponding locally necessary condition 
for Problem (ZSG). 

We firstly give the following assumptions. 
(H3) For all t, r such that < t < t + r < T, all bounded ^-measurable a\, a 2 , and for s G [0, T], 
the control /3i(s) = (0, • • • , Pij(s), • • • ,0) and f3 2 (s) = (0, • • • , /3 2 j(s), ••• , 0), j = 1, • • ■ , n, with 

Pij(s) = aijX[t,i+T](s) and (5 2j (s) = a 2j X[t,t+T}( s ) 

belong to U\ and IA 2 . For given u%,f}\ G £Yi and u 2 , f3 2 €U 2 , there exists J > such that 

ui + e/3i G and u 2 +p(3 2 eUi, 

where /3i and /?2 are bounded, and e,p € (—5,6). 

Theorem 3.4 (Local maximum principle for zero-sum games) Let (HI) and (H3) hold. 
Let (ui(-),u 2 (-)) G IA\ x U 2 with the solutions (y(-), z(-), Y(-), -Z'(-)) and (p(-) , p(-) , q(-) , q( )) to 
equations © and (|29p . respectively. Further, (ui(-),u 2 (-)) is a directional critical point for 
j(vi(-),v 2 (-)) , in the sense that, for all bounded f3\ G 1A\ and (3 2 G U 2 , there exists 5 > siic/z 
i/iai u\ + efii G £/l and u 2 + /0/32 G U 2 , and 

h(e,p) = J(ui + e/3i,n 2 + /)/3 2 ) 

/ias a critical point at (0, 0), for all e,p G (—(5,(5), i.e. 

_(0,0) = ^(0,0) = 0. 
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Then, for all t G [0,T], we have 

E[H Vl (t)\£ t ] = E[H V2 (t)\£ t ] = 0. (32) 
Proof: Since the remaining case can be dealt with by the similar proceeding, we only prove 

E[H Vl (t)\£ t ] = 0. 

For 11(0,0) = 0, we have 

0=JU(e,0)| e=0 

=E £ (l y {t)y\t) + l z {t)z\t) + l Y {t)Y\t) + l z {t)Z\t) + l Vl {t)Pl)dt 

+ E (y Y (Y (0)) Y 1 (0) + ly (y(T))y l (T)) . (33) 

As shown in Theorem 13. 1| applying Ito's formula to (p{t),Y l (t)) and (q(t), y 1 ^)), integrating 
from to T, and substituting them into (|33p . we have 

0=JU(e,0)| 6=o 

=E J (q*(t)f Vl (t)+q*(t)f Vl (t) +p*(t)g Vl (t) + f : (t)g Vl (t) + Z Wl (t)) Px{t)dt 

=E f H* vi (t)h{t)dt. (34) 
J o 

In terms of assumption (H3) and equality flMJ) , we further derive that 

rt+r 

Ej^ H Vlj {s)(3 lj {s)ds = 0. 
Differentiating with respect to r at r = 0, it yields that 

E[H Vlj (t)(3 l3 (t)]=0. (35) 
Since equality (|35p holds for all bounded ^-measurable we conclude that 

E[H Vl (t)\£ t ] = 0. 

Repeating the similar proceeding by differentiating the function h(0, p) with respect to p, we 
have 

E[H V2 (t)\£ t ] = 0. 
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The proof is completed. 

In the sequel, we give a verification theorem for a saddle point of zero-sum games. 



□ 



Theorem 3.5 (Verification theorem for zero-sum games) Let (H\) hold and<j)(Y) = MY 
where M is a non-zero constant matrix with order n x m. Let (ui(-), u 2 (-)) £ U\ x U2 with the 
solutions (y,z,Y,Z) and (p,p,q,q) to equations ([5]) and (j29j) . respectively. Suppose that the 
Hamiltonian function H satisfies the following conditional mini-maximum principle: 

E 



inf E 
sup E 

V 2 {-)&A 2 



H(t, y{t),z(t), Y(t), Z(t), «i(t), u 2 (t),p(t),p(t), q(t), q(t))\£ t 

H(t, y(t), z(t), Y(t), Z(t), Vl (t),U2{t),p(t),p(t),q(t), q(t)) \S t 

H(t, y(t),z{t), Y(t), Z(t), Ul {t),V2{t),p(t),p(t),q(t), q(t)) \S t 
(i) Assume that both cp and 7 are concave, and 



(36) 



H 2 (t,a 1 b,c)= sup H(t,a,b,c,u 1 (t),v 2 ,p(t),q(t),k(t)), 
v 2 {-)eu 2 

exists for all (t,a,b,c) G [0, T] x R n x R m x K mxd , and is concave in (a, b, c). Then we have 
■J(uiQ>«20) < J(u 1 (-),u 2 (-)), for allv 2 {-) € U 2 , 

and 

J(ui(-),u 2 (-)) = sup J(u 1 (-),v 2 (-)). 

v 2 (-)eu 2 

(ii) Assume that both ip and 7 are convex, and 

H 1 (t,a,b,c)= inf H(t,a,b,c,vi,u 2 (t),p(t),q(t),k(t)) , 
exists for all (t, a, b, c) G [0, T] x R™ x R m x K mxd , and is convex in (a, b, c). Then we have 
J(ui(-),u 2 (-)) < J{v 1 (-),u 2 (-)), for allvti-) eUi, 

and 

J(«i(.),«2(-))= mf J(^i(-),^(-))- 

«i(-)eWi 

(m,) Lf both (i) and (ii) are true, then (u\(-), u 2 (-)) is a saddle point which implies 

sup ( inf J(vi(-),v 2 (-)) J = J(«i(-),u 2 (0) 
f2(-)ew 2 W-)eWi / 

= inf ( sup J(«i(.),«2(-))). 

fl(-)6Wl V„ 2 (.) e ^ 2 7 
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Proof : (i) Using the same argument as in the proof of Theorem 13,21 we can the following 
J(U!(-)M-)) < J(M-),u 2 (-)), for all v 2 {-) E U 2 . 

Furthermore 



Since u 2 (■) E U 2 , we have 



sup J(ui(-),v 2 (-)) < J(ui(-),u 2 (-)). 

v 2 (-)eU 2 



sup J(ui(-),v 2 {-)) = J(u 1 (-),u 2 (-)). 

v 2 (-)eu 2 



(ii) This statement can be proved in a similar way as shown before, 
(hi) If both (i) and (ii) are true, then 

J( Ul (-),v 2 (-)) < J( Ul (-),u 2 (-)) < JM-),u 2 (-)), 

for all (vi(-),v 2 (-)) € U\ x U 2 , i.e. (ui(-),u 2 (-)) is a saddle point. 
In the following, on the one hand, we have 

J( Ul (-),u 2 (-)) < inf JM-),u 2 (.))< inf ( sup J { Vl (-)v 2 (-))) , 

and 

J(«i(-),u 2 (-)) > sup J(«i(-),v 2 (-)) > sup ( inf j(ui(-),« 2 (■))): 
v 2 (-)eu 2 v 2 (-)eu 2 Vt >i(-)e"i / 

which imply that 

sup ( inf J(vi(-),v 2 (-)) ) < J(-ui(-),n 2 (-)) 
k 2 (-)gW 2 W-)e"i 7 



On the other hand, we have 



< inf I sup J(vi(-),v 2 ( 



JM-),u 2 (-)) < mf J(^i(-),n 2 (-))< sup ( inf J(vi(-),« 2 (-))) 

and 

^(«l(-),«2(0) > SU P ^(«l(-)> u 2(-)) > inf ( sup J («!(■), v 2 (-)) J, 
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which imply that 

s 



sup ( inf J(v 1 (-),v 2 (-))) > J(u 1 (-),u 2 (-)) 



> inf ( sup J(ui(.),«2(-))). (39) 



Combining ([38]) and (f39j) . we have 
sup ( inf 



inf ( sup J(vi(-),v 2 (- 



Remark 3.2 Similar to the results in Section 3.1, we can also give the corresponding corollaries 
for maximum principle and verification theorem of a saddle point of full information zero-sum 
differential games. For simplicity, we omit them here. 

4 An example on a nonzero-sum game 

In this section, an example of nonzero-sum differential games of FBSDEs is worked out to il- 
lustrate our theoretical result. Firstly, by applying the maximum principle (see Theorem 3.1), 
we find a candidate equilibrium point. Then we obtain the explicit expression of the candidate 
equilibrium point by virtue of certain filtering techniques of forward-backward stochastic differ- 
ential equations. Finally, using the verification theorem of an equilibrium point (see Theorem 
3.2), we confirm that it is indeed an equilibrium point. 
Example: Consider the system of FBDSDE 

-dY v ^{t) =[a (t) +a 1 {t)Y^' V2 (t) + a 2 (t)Z v ^(t) + F t2 {t) Vl {t) + a 4 (t)v 2 (t)]dt 
+ b (t)dB(t) - Z Vl ' V2 (t)dW(t), 



dy v ^(t) =[c (t) + Cl (t)y^(t) + c 2 (t)Y v ^(t) + c 3 (t)Z^(t) 

+ d (t)dW(t) - z Vl ' V2 (t)dB(t), 
y" 1 -" 2 (T) = (, y v ^(0)= MY v ^ V2 (0), 



dt (40) 
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with the performance criterion, for i = 1, 2, 



Ji(»l(-),»2(-)) 



2 



o 



(e i l(t)y l,1 ' V2 (t),2/" 1 '" 2 (t)) + (e i2 (t)z^(t),z v ^(t)) 



+ (e j3 (t)^ 2 (t),y^)) + {e t4 (t)Z^(t),Z^(t)) + (e i7 (t)^(t),^(t))J^ 

+ (e i5 (T)^(T),^(T)) + <e i6 y^ 2 (0), Y^ 2 (0)> . (41) 

Here, we assume that all the coefficients in (|40p and ()41[) are bounded and deterministic functions 
of t, en, ■ ■ ■ , e«6 are symmetric nonnegative definite, and is symmetric uniformly positive 
definite. The set of admissible controls is defined by 



Ui = {vi(-) | Vi(-) is an R ^ -valued ^-adapted process 

fT 



and satisfies E / vf(t)dt < oc},i = 1,2, 
Jo 



(42) 



Where 



S t = TV V a{W(r) :0<r<t}. 



For simplicity, we only deal with the case of 1-dimensional coefficients. Our problem is to find 
(ui(-),u 2 (-)) £Wi x U 2 , such that 



Ji(ui(-),u 2 (-)) = sup Ji(v 1 (-),u 2 (-)), 

<M«1 (•), U 2 (•)) = SUP J 2 (u 1 (-),V 2 (-)). 



(43) 



Solving: We find the equilibrium point by three steps. 
(i) Seek candidate equilibrium points. 

Let qi(t) denote the filtering of qi(-) with respect to St, i.e. qi(t) = K(qi(t)\St) ■ The similar 
notations are made for q~i(t),pi(t),pi(t), ■ ■ ■ ,i = 1,2. 

Hi(t,y, z,Y, Z,vi,v 2 ,Pi,pi,qi,q~i) = {qi,c (t) + ay + c 2 (t)Y + c 3 (t)Z) + (qi,d Q (t)} 
- ( Pi ,a (t) + ai (t)Y + a 2 (t)Z + F i2 (t) Vl + a 4 (t)v 2 ) - (pi,b (t)) 



1 



[en(t)y, y) + {e i2 (t)z, z) + (e i3 (t)Y, Y) + {e i4 (t)Z, Z) + {e i7 (t) Vi ,Vi) . (44) 



Applying the maximum principle for nonzero-sum games (Theorem 13. 1 j) , we confirm that the 
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candidate equilibrium points must satisfy the following form: 

«i(t) = -e^{t)F i2 (t)px{t), 
u 2 (t) = -e^(t)a 4: (t)p 2 (t), 

where (pi(-) , pi(-) , qi(-) , qi(-)) , for i = 1,2, is the solution of the adjoint FBDSDE: 

dpi{t) =(e i3 (t)Y(t) + aipi(i) - c 2 (%(i))di 

+ (e i4 (t)Z(t) + a 2 (%(t) - c z {t) qi (t)^dW{t) -Pi(t)dB{t), 



-d qi (t) = { - en(t)y(t) + Cl (t) qi (t)jdt - (e i2 (t)z(t)jdB(t) - qi (t)dW(t), 
Pi(0) =e l6 Y(0) - Afft(O), %(T) = -e i5 {T)y{T), 
and (y(-), ^(")) * s * ne solution of the following equation: 



(45) 



(46) 



(47) 



-dY{t) =[a (t) + ai(t)Y(t) + a 2 (t)Z(t) - F i2 (tf (t)p x (t) 
- a 4 (t) 2 e 27 \t)p 2 (t)]dt + b (t)dB(t) - Z(t)dW(t), 
dyit) = \co(t) + Cl {t)y{t) +c 2 {t)Y{t) +c 3 (t)Z(t)] dt + d (t)dW(t) - z(t)dB(t), 
Y(T) = e, y(o) = MY(0). 

(ii) Optimal filtering with the sub-information £ t = M V a{W{r)] < r < i}. 

Equation (|46p together with (|47p constitutes a triple dimensional FBDSDE. In order to find 
the explicit expression of the candidate equilibrium point, we need to compute the optimal filters 
Pi(-) and p 2 (-) of pi(-) and pi(-). Applying the filtering result derived by Xiong ([31]) Lemma 
5.4) to (|46p and (|47p under the available sub-information E% = N V a{W(r);0 < r < i}, we 
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conclude that pi(-) and p 2 (-) satisfy the following triple dimensional FBSDE: 
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(48) 



Just like Huang et al.[6], we call (|48p a forward-backward stochastic differential filtering equation, 
which is distinguished from the classical filtering literature (see e.g. Liptser and ShiryaevjH], 
Xiong[31J). Now, we obtain an explicit candidate equilibrium point for the foregoing LQ nonzero- 
sum differential game. 

(in) Verify that (u\(-), «2(0) denoted by (f4"5j) is indeed an equilibrium point. 

We can check that the system (|4U|) and performance criterion (|41|) satisfy the assumptions 
(HI) and (H2), the Hamiltonian (i = 1,2) denoted by (gU) satisfies the conditions pEH20]) . 
Then, from Theorem l3.2l we conclude that (ui(-), it2(")) denoted by (j45|) is indeed an equilibrium 
point. 

5 Conclusion 

We are concerned with a new type of stochastic differential game problems of FBDSDEs. There 
are two distinguishing features: One is that game systems are initial coupled; The other one 
is that differential games is under partial information. We established a maximum principle 
and a verification theorem, also called a necessary condition and a sufficient condition, for 
an equilibrium point of partial information nonzero-sum stochastic differential games. Zero- 
sum games can be considered as a particular case of nonzero-sum games, so we also gave the 
corresponding conditions for a saddle point of zero-sum stochastic differential games. Finally, 
we worked out an LQ example and gave the explicit expression of an equilibrium point of 
nonzero-sum differential games. 

It is worth pointing out that game system of FBDSDE covers many cases as its particular 
case. If we drop its the terms of backward Ito's integral or forward equation or both them , 
FBDSDE can be reduced to FBSDE or BDSDE or BSDE. Moreover, if we suppose that Et = J~t 
for all t £ [0, T], all the results are reduced to the case of full information. In addition, stochastic 
control problems can be regarded as zero-sum stochastic differential games with only one player. 
Then, our results are a partial extension to Xiao and Wang[30j for optimal control of FBSDEs 
with partial information, Han et al.jl] for optimal control of BDSDEs with full information, 
Huang et al.[6] for optimal control of BSDEs with partial information, Wang and Yu[25] and 
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Yu and Ji[34j for differential games of BSDEs with full information, and Wang and Yu[26] for 
differential games of BSDEs with partial information. In our game systems of FBDSDEs with 
partial information, the forward equations are coupled with the backward equations at initial 
time, not terminal time. So they do not cover each other between our results and those of 
terminal coupled forward-backward stochastic systems with full or partial information derived 
by Buckdahn and Li[2], Hamadene[3], Hui and Xiao[7], Meng[TT| [T2], 0ksendal and Sulem[T4"], 
Peng and Wu[20j, Shi and Wu[2Tj [22], Wang and Wu[23l OS], Wu[23 [28], Xiao and Wang[29], 
Zhang and Shi[36], Zhu et al. |37j . 

Finally, since there are many partial information optimization and game problems in finance 
and economics, we hope that the results have applications in these areas. 
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